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1. Introduction The Riemann curvature tensor contains a great deal of information 
about the geometry of the underlying pseudo-Riemannian manifold; pseudo-Riemannian 
geometry is to a large extent the study of this tensor and its covariant derivatives. It is 
often convenient to work in a purely algebraic setting. We shall say that a tensor is an 
algebraic curvature tensor if it satisfies the symmetries of the Riemann curvature tensor. 
The Riemann curvature tensor defines an algebraic curvature tensor at each point of the 
manifold; conversely every algebraic curvature tensor is locally geometrically realizable. 
Thus algebraic curvature tensors are an integral part of certain questions in differential 
geometry. 

The skew-symmetric curvature operator is a natural object of study; there are other 
natural operators and we refer to [4] for a survey of this area. In the present paper, 
we examine when the (complex) Jordan normal form of the skew-symmetric curvature 
operator is constant either in the real or complex settings. In Section 2, we give the basic 
definitions and notational conventions we shall need. We also review the basic results in 
the real setting. In Section 3, we discuss a natural generalization to the complex setting. 

2. IP algebraic curvature tensors Let {M,g) be a connected pseudo-Riemannian 
manifold of signature (p, q) and dimension m = p+q. Let V be the Levi-Civita connection. 
The curvature operator and associated curvature tensor are defined by: 

(1) := VxVy-VyVx~V[jf,y], 

^R{X, Y, Z, W) g{^R{X, Y)Z, W). 
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This tensor has the following symmetries: 

(2) m{x, Y, Z, W) = X, Z, W), 

(3) y, Z, W) = SR{Z, W, X, Y), and 

(4) y, Z, W) + 3R{Y, Z, X, W) + 3R{Z, X, Y, W) = 0. 

Let V be finite dimensional real vector space which is equipped with a non-degenerate 
inner product (•,•) of signature {p,q). We say that a 4 tensor R G (g)*^ is an algebraic 
curvature tensor if R satisfies the symmetries given in equations (2-4). Note that we do 
not impose the second Bianchi identity; algebraic curvature tensors measure second order 
phenomena. We say that (M, g) is a geometric realization of an algebraic curvature tensor 
at a point P if there is an isometry \1/ : TpM ^ V so that ^Rp = 

Let {61,62} be an oriented basis for a 2 plane tt C V and let hij := {ei,ej) describe 
the restriction of the inner product (•, •) to tt. We shall say that n is non-degenerate if htj 
is non-degenerate, i.e. det{h) := /111/122 — ^12 7^ 0. We say that tt is timelike, mixed, or 
spacelike as the quadratic form hij is negative definite, indefinite, or positive definite, re- 
spectively. We may decompose the Grassmannian of all oriented non-dcgcncrate 2 planes 
as the disjoint union of the oriented timelike, mixed, and spacelike 2 planes. 

Let R be an algebraic curvature tensor on V. Let {ei, 62} be an oriented basis for a 
non-degenerate spacelike 2 plane n CV. The skew-symmetric curvature operator 

i?(7r) :=det(/i)-^/2i?(e„ej) 

is independent of the particular oriented basis for tt which was chosen. We say that R is 
spacelike Jordan IP if the complex Jordan normal form of the operator R{tt) is constant on 
the Grassmannian Gyq2{^) of oriented spacelike 2 planes. The notions of timelike Jordan 
IP and mixed Jordan IP are defined similarly using the Grassmannians Gr^o(y) and 
GifiCV) respectively. In the Riemannian setting (p = 0), this is equivalent to assuming 
that the eigenvalues of -R(7r) are constant on Gr J 2) (^) • pseudo- Riemannian setting 

(p > 0) a bit more care must be taken as there are examples where R{n) has only the 
zero eigenvalue but where the rank of R{tt) varies with tt; we refer to [7] for details. We 
note that there are examples of algebraic curvature tensors which are spacelike Jordan 
IP but not timelike Jordan IP; again see [7]. We say that a pseudo- Riemannian manifold 
(M, g) is spacelike Jordan IP if the associated curvature tensor ^R is spacelike Jordan IP 
at every point of M; the eigenvalues and Jordan normal form are allowed to vary with 
the point. 

Let p = 0. The study of the skew-symmetric curvature tensor was initiated in this 
context by Stanilov and Ivanova [16]; wc also refer to related work by Ivanova [11]-[15]. 
Subsequently, Ivanov and Petrova [10] classified the spacelike Jordan IP metrics in the 
Riemannian setting for m = 4; for this reason the notation 'IP' has been used by later 
authors. The classification in [10] was later extended by P. Gilkey, J. Leahy, and H. 
Sadofsky [5] and by Gilkey [2] to the cases m > 5 and m ^ 7. We refer to Gilkey and 
Semmelman [6] for some partial results if m = 7. Zhang [17] has extended these results 
to the Lorentzian setting {p = 1); see also Gilkey and Zhang [8] for related work. 

We say that R has spacelike rank r if Rank(i?(7r)) = r for every spacelike 2 plane 
TT. The following theorem, which shows that r = 2 in many cases, was proved using 
topological methods [5, 17]. 
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Theorem 1 . Let R be an algebraic curvature tensor of spacelike rank r on a vector 

space of signature {p, q) . 

1) Let p <1. Let q = 5, q = 6, or q > 9. Then r — 2. 

2) Let p = 2. Let q > 10. Assume neither q nor q + 2 are powers of 2. Then r = 2. 

In light of Theorem 1, we shall focus our attention on the algebraic curvature tensors 
of rank 2. Let V be a vector space of signature {p, q). We say that a linear map 4> oiV 
is admissible if </> satisfies the following two conditions: 

1. (/> is self-adjoint and = Id , or (j)^ = —Id , ov (fp' = 0. 

2. If (f){x) = 0, then {x,x) < 0, i.e. 'kevcj) contains no spacelike vectors. 

Let (j) be admissible. If cjp' = Id, then cj) is an isometry, i.e. {(f)x,(f)y) = {x,y) for all 

.T, y e V. If (j)"^ = —Id , then (f> is a. para-is ometry, i.e. {4>x, (j)y) = {—x, —y) for all x, y G V; 
necessarily p = q in this setting. If 0^ = 0, then the range of (p is totally isotropic, i.e. 
{(px, (fyy) = for all x,y & V. We define: 

R^{x, y)z := {(fyy, z)(j)x - {(px, z)^y, and 

R,j>{x, y, z, w) := {4>y, z){(j)x, w) - {(j)x, z){^y, w). 

Wc showed in [7] that f?^ is an algebraic curvature tensor with range{R^(Tr)) = (fm if tt 
is a spacelike 2 plane. The eigenvalue structure of R^{tt) is given by: 

1. Suppose that (/)^ = ±Id. Then R^{'k) is a rotation through an angle of 90 degrees 
on the spacelike {(jP = Id) or timelike {(j)^ = —Id) 2 plane (pn, R^{n) vanishes on 
(^TT-*-, and R^ has two non- trivial complex eigenvalues ±\/^. 

2. Suppose that (jx^ = 0. Since ker^ contains no spacelike vectors, R^{'jt) has rank 2. 
The 2 plane (pn is totally isotropic. We have {i?^(7r)}^ = 0. 

Thus CRcf, is a spacclike rank 2 Jordan IP algebraic curvature tensor for any C 7^ 0. 
Conversely, we have the following classification result [7] : 

Theorem 2. Let V be a vector space of signature {p,q), where q> 5. A tensor R is 
a spacelike rank 2 Jordan IP algebraic curvature tensor on V if and only if there exists a 
non-zero constant C and an admissible (p so that R = CR^ . 

3. Almost complex Jordan IP algebraic curvature tensors Algebraic cur- 
vature tensors have been studied by many authors in the complex setting; we refer to 
Falcitelli, Farinola, and Salamon [1] and Gray [9] for further details concerning almost 
Hermitian geometry. 

Let J : V ^ V he a. real linear map with = —Id . We use J to provide V with a 
complex structure: {a+^/^b)v = av+bJv. Thus a real linear map 5 of ^ is complex if and 
only if SJ = JS. We shall assume that J is pseudo-Hermitian, i.e. {Jvi, JV2) = (wi, ^2); 
necessarily both p and q arc civcn. 

A 2 plane tt is called complex line if and only if Jtt C tt. If tt is non-degenerate, then 
TT is either spacelike or timelike, there are no mixed complex lines. 

An algebraic curvature tensor R is said to be almost complex if JR{x, Jx) = R(x, Jx)J 
for all X in V, i.e. R{x, Jx) is complex linear. Such an R is said to be almost complex 
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spacelike Jordan IP if i?(7r) (regarded as a complex linear map) has constant Jordan 
normal form for every spacelike complex line; the notion of almost complex timelike Jordan 
IP is defined similarly. 

Theorem 2 controls the eigenvalue structure of a spacelike Jordan IP algebraic; cur- 
vature tensor in the real setting. There is a similar result in the complex setting which 
we describe as follows. Let p = and let R be an almost complex spacelike Jordan IP 
algebraic curvature tensor. The operator JR{-k) is a self-adjoint complex linear map and 
is therefore diagonalizablc. Lot {A,,//,} be the eigenvalues and multiplicities of JR{-), 
where /xq > Mi ^ •■• ^ l^e': ^ ^ Q = 2(/io + ■■■ + f^e)- We refer to [3] for the proof of 
the following result which controls the eigenvalue structure in the Riemannian setting; it 
is not known if a similar result holds in the higher signature setting. 

Theorem 3. Let R be an alm,ost complex spacelike Jordan IP algebraic curvature 
tensor on a Riemannian vector space of signature {Q,q). Let {Ai,/ii} be the eigenvalues 
and multiplicities of JR{-), where /xq > ... > m > Q. Suppose £ > 1. If m = 2 mod 4, 
then £ — 1 and fi\ = \. If m = Q mod 4, then either i = 1 and < 2 or £ = 2 and 
Ml = M2 = 1- 

We say that (0, J) is an admissible pair if </> is admissible, if 4>J = -iiJ4>, and if J is a 
pseudo-Hermitian almost complex structure on V. 

Theorem 4. Let V be a vector space of signature {p,q)- If {4>,J) is an admissible 
pair, then R^ is an almost complex spacelike Jordan IP algebraic curvature tensor. 

Proof. By Theorem 2, R^ is a spacelike rank 2 Jordan IP algebraic curvature tensor. 
Since Jcf) = £4>J for e = ±1, we may compute: 

JRcf,{x, Jx)z = {(j)Jx, z)J(f)x — (cf)x, z)J(j>Jx, 

R,j,{x, Jx)Jz = {(pJx, Jz)(px — {(px, Jz)4>Jx 

= —{J(l)Jx, z)(t)x + {J4>x, z)(pJx 

= £^{(j)Jx, z)J(j)x — e'^{(j)x, z)J(f)Jx = JR^{x, Jx)z. 

This shows that R is almost complex. ■ 

Let V be a vector space of signature {p,q). We say that {(j)i,(p2, J) is an admissible 
triple if the following conditions arc satisfied: 

1. (pi and 02 arc admissible and either (/)^ ^ or (/)! 7^ 0; 

2. J is a pseudo-Hermitian almost complex structure on V; 

3. J(j)i = 01 J, J02 = —(P2J, and 020i + 0i02 = 0. 

Lemma 5. Let V be a vector space of signature (p, q). Let {0i, 02, J} be an admissible 
triple on V. 

1. If X is spacelike, then the set {^ix,(l)iJx,(p2X,(f>2Jx} is orthogonal and linearly 

independent. 

2. For any x G V, we have that: 

{x, Jx)R^2 (^) = R<l>2 (2^) Jx)R(j,^ (x, Jx) = 0. 
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Proof. To show that {^ix, (f)iJx, (p2X, (f>2Jx} is an orthogonal set, we compute: 

((/)ia;, (f)iJx) = ei{4>ix, J(j)ix) = —ei{J(j)ix, (pix) = —{(j)\Jx, 4'ix), 

{<plX, (f>2x) = {(fl24'lX, x) = ~{(j)i(f)2X, X) = -{(f>2X, (l)ix), 

{(l)ix,(f)2Jx) = -{J(f)2(f)ix,x) = eie2{cj)i(t>2Jx,x) = -{(j)2Jx,cf)ix), 
(01 Jx, <j)2x) = —{x, J(pi4>2x) = eie2{x, (t)2<t>lJx) = —{(t>2X, 4>iJx), 

{(j)iJx,(l)2Jx) = {^24'lJx, Jx) = —{(j)\(l)2Jx,Jx) = —{(j)2Jx,4>iJx), 
{4>2X, (j)2Jx) = e2{(t>2X, J(I>2X) = —£2{J(I>2X, (l)2X) = —{<j)2Jx, 4>2X). 

Let TT := Span {x, Jx}. Then (/)i7r and (/)27r arc orthogonal 2 planes. If (fl = ±Id , then 
<^i7r is non-degenerate so (^27r C ^itt""- implies 0i7r fl 027r = {0} and assertion (1) follows; 
the argument is the same if <f)2 = ±Id . 

To prove assertion (2), we compute: 

(7r)i?02 = -^01 {'^){{4>2JX, Z)4>2X - {(j)2X, z)(j)2Jx} 

= {(f)2Jx, z){{(f)iJx, (t)2X)(t>iX - (j)2X)(piJx} 
— {(f)2X, z){((/)i Jx, (f)2Jx)<j)iX — {4>lX, (j)2Jx)4>iJx} = 0. 

We argue similarly to show that R0^{tt)R^^ (tt) =0. ■ 

The following is the main result of this paper. It shows the estimates of Theorem 3 
are sharp and provides a large family of non-trivial new examples. 

Theorem 6. Let V be a vector space of signature {p, q). Let {4>i, (j)^, J) be an admissi- 
ble triple on V. Let Aj be real constants. Then R := XiR,f,i +\2R,j,^ is an almost complex 
spacelike Jordan IP algebraic curvature tensor. 

Proof. We assume Ai 7^ and A2 7^ 0; otherwise the proof follows directly from 
Theorem 4. As the set of almost complex algebraic curvature tensors is a linear subspace 
of the set of all 4 tensors. Theorem 4 shows that R is an almost complex algebraic 
curvature tensor. 

We complete the proof by discussing the complex Jordan form. Let {x, Jx} be an 
orthonormal basis for a spacelike complex line tt. We use Lemma 5 to see that (jiiTT and 
4>2'K are orthogonal complex lines and that Rank {R{tt)) — 4. Also by Lemma 5 we have: 

R{^f = \\R^,{^f + \lR^,{Trf . 

Suppose that = ±Id and that 02 = • The metric restricted to 0i7r © 027r is 
non-degenerate. Let 

Vo := (0i7re027r)-^. 
We have an orthogonal direct sum decomposition 

V = (/>i7r© 027re 

which is preserved by R{t:). The map R{t:) has 4 non-trivial purely- imaginary eigenvalues 
±Xi\/^; Vo = kei{R{n)). The map R{'k)'^ is diagonalizable. Thus R is almost complex 
spacelike Jordan IP because: 

R[T^f = on Fo, 

i?(7r)^ = — A^ on 0i7r, and 
R{'k)'^ = — A| on 0271'. 
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Suppose that (f>1 = ±Id and ^2 = 0; the argument is similar ii (pf = and 



±Id. 



By assumption ker^2 contains no spaceHke vectors. Let Vq := (^itt)-^. Then we have an 
orthogonal direct sum decomposition V = ^itt® Vq which is preserved by R{'k). The map 
i?(7r) has two non-zero eigenvalues ±Ai\/^. The map R{'it)'^ is diagonalizable; 

Rinf = on Fo and Rinf = -A? on (pm. 

Thus R is almost complex spacelike Jordan IP. ■ 

We construct examples to show that all 8 cases of Theorem 6 can occur. Let 



ei 



Jo 



/ 1 \ 

10 

1 

V 1 / 

1 
-1 



1 

-1 



be matrices satisfying the relations 
el = ei, 63 = 62, 

Jq = - Jo, Jq = 

/3*=/3, /32 = -Id, 
Define the matrix Tj by: 



We construct 



and 62 := 



and a := 



and 7 := 



Id, 



a = a, 





1 



1 





V -1 

1 

1 



-1 


0/ 



on 



on ]R(0'2), 
on ]R(i'i). 



ei = Id, 
a2 = Id , 

v2 — 



6162 + 6261 = 0, 

Joa = —aJo, 




7* =7) 7 — 0) Range 7 = ker7. 



if 5, = +1, 
if(5i = -l, 
if Si = 0. 



62, J) admissible so 

(pi = Slid and (f>2 = S2ld 



by setting: 



(t>i ■= ei (g) Id (g) Ti, 
(/)2 := 62 a (S) T2, and 
J := Id (g) Jo (g) Id . 



The tensor 



R = Aii?0i + A2-R02 

is then both almost complex spacelike Jordan IP and almost complex timelike Jordan IP. 
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